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Abstract
In spin-1 collective atomic systems, the spin and nematic-tensor operators constitute the su(3)
Lie algebra whose su(2) subalgebras are shown to give two distinct classes of squeezing which
are unitarily equivalent to spin squeezing and spin-nematic squeezing. We explicitly construct a
unitary operator that generates an arbitrary squeezed spin-nematic state from an arbitrary Fock
state. In particular, we demonstrate that squeezed spin states can be generated from a polar state
and that squeezed spin-nematic sates can be generated from a fully spin-polarized state.
PACS numbers: 03.75.Be, 42.50.Gy, 42.50.Lc, 03.75.Mn, 67.85.Fg
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I. INTRODUCTION
Squeezing in spin systems [1, 2] has been an active research field in atomic, molecular, and
optical physics. Squeezing is one of the most promising candidates in precision measurement
to go beyond the standard quantum limit (SQL) [2–7]. It has been suggested that spin
squeezing can be utilized for magnetometers [8–13] and atomic clocks [2, 14–16], while
squeezed spin states have been demonstrated in several physical systems [8, 13, 17–27].
A squeezed spin state (SSS) can be generated from a coherent spin state (CSS) [28, 29] in
which N pseudo spin-1/2 particles point the same direction with spin fluctuations perpen-
dicular to the average spin direction being completely random. Therefore, the magnitude of
the spin fluctuations of a CSS is proportional to
√
N , which defines the standard quantum
limit (SQL) of spin systems. This SQL can be surpassed by spin squeezing in which spin
fluctuations in one direction are reduced at the expense of enhanced fluctuations in the
other direction by making individual spin fluctuations quantum-mechanically correlated via
nonlinear interactions [1, 4, 7–9, 13, 18, 21, 23–25, 27, 31–35] such as one-axis twisting and
two-axis counter twisting.
Bose-Einstein condensates (BECs) of ultracold atomic gases with internal degrees of
freedom, i.e., spinor BECs, are among the ideal candidates to achieve spin squeezing. BECs
can naturally be prepared in any desired CSS and versatile tools for introducing nonlinear
interactions necessary for spin squeezing are available. One-axis twisting can be realized by
the Josephson coupling between two condensate modes [4, 7, 21, 24, 25, 31, 32] and atom-
field interactions [8, 9, 13, 18, 23, 27, 34]. In the case of pseudo spin-1/2 BECs, squeezing has
been extensively investigated by utilizing two appropriate magnetic sublevels or two-mode
condensates [4, 7, 21, 24, 25, 30–32]. In fact, quantum fluctuations below the SQL have been
observed in two-mode BECs with the Josephson-type one-axis twisting [24, 25].
In the case of pseudo spin-1/2 BECs, spin squeezing is the only possibility for reducing
quantum fluctuations since the square of any Pauli matrix is equal to the identity operator
and the anti-commutator of any two different Pauli matrices vanishes. Therefore, only inter-
spin correlations can be utilized for suppressing quantum fluctuations. However, other types
of squeezing are possible for higher spins. A systematic investigation of squeezing for the
case of spin-1 collective atomic systems is the primary purpose of this paper.
In the case of collective spin-1 systems, the square of any spin-1 matrix Jµ (µ = x, y, z)
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and the anti-commutator of two different spin matrices are not proportional to the identity
matrix but represent the quadrupolar moments, namely, the nematic tensor (or alignment
tensor [17, 36]), and the other multipolar moments can be expressed in terms of the spin
vector ~J = (Jx, Jy, Jz)
T and the nematic tensor. The spin and nematic-tensor operators
constitute the su(3) Lie algebra, which suggests a new trade-off relations between spin and
nematic-tensor operators. This implies that we can control not only quantum fluctuations
of the spin vector but also those of the nematic tensor by manipulating various types of
correlations between non-commutative spin and nematic-tensor observables. Here, we refer
to squeezing on any two components of the spin vector as spin squeezing and that on any two
components of the spin vector and the nematic tensor as spin-nematic squeezing [12, 17, 26,
36]. The spin-nematic squeezing was first realized in Ref. [17], which was recognized as spin
squeezing in the spin and the alignment tensor, that is, the nematic tensor. Recently, spin-
nematic squeezing has experimentally surpassed 8dB below the SQL [26]. Such a squeezing
can be interpreted as two-mode squeezing involving two of the three magnetic sublevels of
each spin-1 particle [37–39]. The spin-nematic squeezing is also referred to as U -V spin
squeezing and isospin squeezing within the SU(3) framework [39]. Squeezing induced by
other types of correlations such as inter-nematic ones should also be possible.
In the present paper, we address the questions of what observables and to what extent we
can squeeze beyond the SQL for spin-1 BECs. We will show that there exist two qualitatively
different (type-1 and type-2) classes of squeezing in spin-1 BECs based on their underlying
Lie algebras. Type-1 squeezing involves spin squeezing, while type-2 does spin-nematic
squeezing, implying that type-1 squeezing and type-2 squeezing are unitarily equivalent
to spin squeezing and spin-nematic squeezing, respectively. As we see later in details, this
leads us to a counterintuitive conclusion: we may generate both type-1 squeezing and type-2
squeezing from any CSS. A fully-polarized CSS with no nematicity can be spin-nematically
squeezed and a polar CSS with zero averaged spin can be spin squeezed. We will also
demonstrate that both type-1 squeezing and type-2 squeezing can be generated through
one-axis twisting and discuss their squeezing limits.
This paper is organized as follows. In Sec. II, we classify squeezing in spin-1 BECs into two
types, type 1 and type 2, based on the underlying Lie algebra. In Sec. III, we show that the
type-1 and type-2 squeezed states can be generated through one-axis twisting and discuss
their squeezing limits. In Sec. IV, we summarize the main results of this paper. Some
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complicated Lie-algebraic manipulations are discussed in Appendices to avoid digressing
from the main subjects.
II. LIE-ALGEBRAIC CLASSIFICATION OF SQUEEZING IN SPIN-1 BECS
A. Second-Quantized Spin and Nematic-Tensor Operators
We consider a BEC consisting of N identical spin-1 bosons and take a single-mode ap-
proximation to the BEC, that is, we assume that all the bosons share the same spatial
mode. Then, the state of the system can be described by space independent one-particle
creation and annihilation operators aˆ†m and aˆm, where m indicates the magnetic sublevels
m = −1, 0, 1. The second-quantized forms of the spin vector Jˆµ and the nematic tensor Nˆµν
(µ, ν = x, y, z) in the basis of the magnetic sublevels are expressed as follows:
Jˆµ =
∑
m,n=−1,0,1
(Jµ)mnaˆ
†
maˆn, (1)
Nˆµν =
1
2
∑
m,n=−1,0,1
(JµJν + JνJµ)mnaˆ
†
maˆn. (2)
Here, Jµ expresses the spin matrix for the spin quantum number J = 1. As mentioned in
the previous section, quantum fluctuations can be redistributed via squeezing between two
non-commutative observables which can be expressed as linear combinations of Jˆµ and Nˆµν .
However, the components of the spin vector and the nematic tensor are not, in general,
linearly independent. Among them, we can choose the following eight linearly-independent
observables as generators of the su(3) Lie algebra:
{Jˆx, Jˆy, Jˆz, Qˆxy, Qˆyz, Qˆzx, Dˆxy, Yˆ } ≡ {Λˆi}, (i = 1, · · · , 8), (3)
where Λˆ1 = Jˆx, Λˆ2 = Jˆy, ..., Λˆ8 = Yˆ , and
Qˆµν ≡ 2Nˆµν , (4)
Dˆxy ≡ Nˆxx − Nˆyy, (5)
Yˆ ≡ 1√
3
(
−Nˆxx − Nˆyy + 2Nˆzz
)
. (6)
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The matrix representations of these observables are given by
Jx =
1√
2


0 1 0
1 0 1
0 1 0

 , Jy =
i√
2


0 −1 0
1 0 −1
0 1 0

 , Jz =


1 0 0
0 0 0
0 0 −1

 ,
Qxy = i


0 0 −1
0 0 0
1 0 0

 , Qyz =
i√
2


0 −1 0
1 0 1
0 −1 0

 , Qzx =
1√
2


0 1 0
1 0 −1
0 −1 0

 ,
Dxy =


0 0 1
0 0 0
1 0 0

 , Y =
1√
3


1 0 0
0 −2 0
0 0 1

 .
(7)
Thus, an arbitrary observable Aˆ can be expressed in terms of Λi’s as
Aˆ =
8∑
i=1
ciΛˆi, (ci ∈ R,
8∑
i=1
c2i = 1), (8)
except for an overall normalization constant.
B. Type-1 Squeezing and Type-2 Squeezing
Squeezing concerns the trade-off relation between non-commutative operators. In spin-1
BECs, such operators can be expressed as Eq. (8) within the framework of the su(3) Lie
algebra. The su(3) Lie algebra involves su(2) subalgebras whose triads of generators satisfy
cyclic commutation relations such as [Jˆx, Jˆy] = iJˆz. These commutation relations lead to the
trade-off relations in quantum fluctuations of the corresponding observables, and hence we
can consider squeezing by choosing a triad of su(2) generators. Such an su(2)-type squeezing
can be classified into two distinct classes since the su(3) Lie algebra involves two qualitatively
different su(2) subalgebras that can be distinguished by their structure constants. Here, to
classify su(2)-type squeezing, we define λ in terms of the structure constant fkij of an su(2)
subalgebra as follows:
λ =
∣∣fkij∣∣ ,
[Xˆi, Xˆj] = if
k
ijXˆk,
(9)
where observables Xˆi, Xˆj, and Xˆk are generators of the su(2) subalgebra.
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To identify all su(2) subalgebras in the su(3) Lie algebra, we first construct the root
diagram of the su(3) Lie algebra as discussed in Appendix A. The root diagram, which
uniquely determines the structure of the Lie algebra, implies that the su(3) Lie algebra
involves two types of su(2) subalgebras, where λ defined in Eq. (9) takes either on λ = 1
or λ = 2 (see Appendix A). Here and henceforth, we refer to the su(2) subalgebras with
λ = 1 as type 1 and those with λ = 2 as type 2. Here, we note that two su(2) subalgebras
{Xˆi, Xˆj, Xˆk} and {Xˆ ′i, Xˆ ′j, Xˆ ′k} of the same type can transform to each other through an
SU(3) rotation Uˆ , i.e.,
{Xˆ ′i, Xˆ ′j , Xˆ ′k} = {UˆXˆiUˆ †, UˆXˆjUˆ †, UˆXˆkUˆ †}, (10)
since the root diagram is independent of the basis of a particular representation, whose trans-
formation can be expressed as an SU(3) rotation. This implies that all type-1 su(2) subalge-
bras are unitarily equivalent to the set of the spin components {Jˆx, Jˆy, Jˆz}. Thus, squeezing
in triads of a type-1 subalgebra can be considered to be equivalent to spin squeezing. Simi-
larly, any type-2 su(2) subalgebra can be transformed into a set of spin and nematic-tensor
observables {Dˆxy, Qˆxy, Jˆz}, in which spin-nematic squeezing has been observed [17], which
implies that squeezing in triads of a type-2 subalgebra can be considered to be equivalent
to spin-nematic squeezing. Here, the su(2) subalgebra {Dˆxy, Qˆxy, Jˆz} can also be trans-
formed into {Dˆyz, Qˆyz, Jˆx} of spin-nematic squeezing in Ref. [26]. We also note that type-2
squeezing can be interpreted as two-mode squeezing [37–39]. Here, observables in a type-2
su(2) subalgebra can be shown to be unitarily equivalent to Pauli operators defined with
respect to two-mode creation and annihilation operators since the type-2 su(2) subalgebra
{Dˆxy, Qˆxy, Jˆz} can be expressed in terms of aˆ†±1 and aˆ±1.
III. SPIN-NEMATIC SQUEEZING IN SPIN-1 BECS
Type-1 and type-2 squeezed states can be generated through one-axis twisting from a CSS.
In the procedure of squeezing, we start with a BEC prepared in a CSS which is nothing but
the Fock state defined as
|ΨFock〉 = 1√
N !
aˆ
†N |vac〉 , (11)
6
where aˆ† can be written in terms of creation operators with magnetic sublevels m = −1, 0, 1
as
aˆ
† = ζ1a
†
1 + ζ0a
†
0 + ζ−1a
†
−1,
∑
m=−1,0,1
|ζm|2 = 1. (12)
Both type-1 squeezing and type-2 squeezing can be generated from an arbitrary Fock state.
In particular, we can produce spin squeezing starting with an unpolarized Fock state, al-
though such a state has no spin expectation values 〈J〉 = 0. Similarly, spin-nematic squeez-
ing can be generated from a fully-polarized Fock state which has no nematicity. In the
following subsections, we show that type-1 and type-2 squeezed states are generated from a
general Fock state in the case of spin-1 BECs and discuss the squeezing limit for each case.
A. Type-1 Squeezing
First, let us assume that the initial state is given by Eq. (11) and generate a type-1
spin squeezed state through one-axis twisting. We begin by noting that an SU(3) rotation
Uˆ1(α, β, γ, ϕ)
Uˆ1(α, β, γ, ϕ) = exp (−iαJˆz) exp (−iβJˆy) exp (−iγJˆz) exp (−iϕQˆyz), (13)
satisfies
|ΨFock〉 = 1√
N !
(
Uˆ1(α, β, γ, ϕ)e−ipi2 Jˆy aˆ†1ei
pi
2
Jˆy Uˆ †1(α, β, γ, ϕ)
)N
|vac〉 . (14)
By rotating the set of observables of the su(2) subalgebra of type 1, {Jˆx, Jˆy, Jˆz}, through a
unitary operator Uˆ1, we obtain a new set of observables which also serve as generators of a
type-1 su(2) subalgebra:
{Jˆ ′x, Jˆ ′y, Jˆ ′z} ≡ {Uˆ1JˆxUˆ †1 , Uˆ1JˆyUˆ †1 , Uˆ1JˆzUˆ †1}. (15)
Then, the initial state |ΨFock〉 becomes a state that is fully polarized along the Jˆ ′x direction
in the SU(2) sphere of radius N with the three orthogonal axes given by {Jˆ ′x, Jˆ ′y, Jˆ ′z}. Thus,
the one-axis twisting Hamiltonian for |Fock〉 in Eq. (11) is expressed as
Hˆ ′one−axis = ~χJˆ
′2
z , (16)
where χ denotes the strength of interaction. A type-1 squeezed state provides the same
minimum variance as in the case of spin squeezing [1], because the magnitude of the structure
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constant in {Jˆ ′x, Jˆ ′y, Jˆ ′z} is the same as {Jˆx, Jˆy, Jˆz}. Provided the number of particles N is so
large and the time t is so small that Nχt ≫ 1 and N(χt)2 ≪ 1, the variance is minimized
at χt = (3/8N4)
1/6
, giving
〈
∆2
〉
min
≃ 1
4
(
9N
4
)1/3
, (17)
where ∆ is given by
∆ = sin νJˆ ′y + cos νJˆ
′
z, ν ≃
1
2
[arctan (Nχt)− χt] . (18)
If the initial state is in a polar phase with m = 0, for instance, the corresponding Fock
state is given by |ΨFock〉polar = (N !)−1/2aˆ†N0 |vac〉 and thus (α, β, γ, ϕ) = (0, 0, 0,−3π/4).
The type-1 subalgebra, where |ΨFock〉polar is polarized in the x direction, is obtained as
{Jˆ ′x, Jˆ ′y, Jˆ ′z} = {Dˆyz, (−Jˆy + Qˆxy)/
√
2,−(Jˆz + Qˆzx)/
√
2} and the one-axis twisting Hamilto-
nian becomes Hˆ ′one−axis = ~χ(Jˆz + Qˆzx)
2
/2. The squeezing limit of one-axis twisting is given
by Eq. (17).
B. Type-2 Squeezing
The type-2 squeezing can also be generated from the initial state given by Eq. (11) with a
method similar to the case of type-1 squeezed spin states. Let us consider an SU(3) rotation
Uˆ2(α, β, γ, ϕ) = exp (−iαJˆz) exp (−iβJˆy) exp (−iγJˆz) exp (−iϕQˆxy), (19)
where α, β, γ, and ϕ satisfy
|ΨFock〉 = 1√
N !
(
Uˆ2(α, β, γ, ϕ+ π/4)aˆ†1Uˆ †2(α, β, γ, ϕ+ π/4)
)N
|vac〉 , (20)
and rotate the su(2) subalgebra {Dˆxy, Qˆxy, Jˆz} through Uˆ2(α, β, γ, ϕ) as
{Dˆ′′xy, Qˆ′′xy, Jˆ ′′z } = {Uˆ2DˆxyUˆ †2 , Uˆ2QˆxyUˆ †2 , Uˆ2JˆzUˆ †2}. (21)
Then, the state |ΨFock〉 appears to be fully polarized in the direction of the Qˆ′′xy-axis in the
quasi-probabilistic representation in {Dˆ′′xy, Qˆ′′xy, Jˆ ′′z }. The initial state |ΨFock〉 evolves under
the one-axis Hamiltonian Hˆ ′′ = ~χJˆ ′′2z into a squeezed state. In this case, the spin and
the interaction energy are effectively modified as N → N/2 and χ → 2χ because the the
magnitude of the structure constant is twice as large as that of the type-1 su(2) subalgebra.
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The variance is minimized at t = χt = (6/N4)
1/6
in the limit Nχt ≫ 1 and N(χt)2 ≪ 1,
giving 〈
∆2
〉
min
=
1
2
(9N)1/3, (22)
which is about four times larger than the result in Eq. (17), where ∆ represents
∆ = sin νQˆ′′xy + cos νJˆ
′′
z , ν ≃
1
2
[arctan (Nχt)− 2χt] . (23)
In the case of a fully-polarized Fock state |ΨFock〉ferro = (N !)−1/2aˆ†N1 |vac〉, for instance,
(α, β, γ, ϕ) = (0, 0, 0,−π/4) and {Dˆ′′xy, Qˆ′′xy, Jˆ ′′z } = {Jˆz, Qˆxy,−Dˆxy}. The one-axis twisting
Hamiltonian is given by Hˆ ′′one−axis = ~χDˆ
2
xy. The squeezing limit is given by Eq. (22).
IV. CONCLUSION
In this paper, we have shown that squeezing in a triad of observables in spin-1 BECs
that constitute an su(2) subalgebra can be categorized into two classes, type 1 and type 2
according to the underlying su(2) subalgebra. Type-1 su(2) subalgebras are characterized
by the magnitude of the structure constants being equal to λ = 1 and are unitarily equiv-
alent to the set of the spin operators {Jˆx, Jˆy, Jˆz}, while type-2 su(2) subalgebras have the
structure constants with their magnitude being equal to λ = 2 and are unitarily equiva-
lent to {Dˆxy, Qˆxy, Jˆz}. Thus type-1 and type-2 su(2) subalgebras can be transformed into
{Jˆx, Jˆy, Jˆz} and {Dˆxy, Qˆxy, Jˆz} through SU(3) rotations, respectively. This implies that both
type-1 and type-2 squeezed states can be generated from an arbitrary CSS (or a Fock state)
through one-axis twisting. We have explicitly demonstrated how to generate a squeezed spin
state and a squeezed spin-nematic state from a polar Fock state and a fully-polarized Fock
state, respectively. In the case of one-axis twisting, the squeezing limits for both types of
squeezing are proportional to N1/3with different proportionality coefficients due to different
magnitudes of the structure constants.
Appendix A: Two su(2) subalgebras of the su(3) Lie Algebra
The identification of the su(2) subalgebras from the su(3) Lie algebra can be done most
straightforwardly in terms of the root diagram. The root diagram of the su(3) Lie algebra is
constructed as follows. A root diagram consists of root vectors given by sets of eigenvalues of
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adjoint representations of generators in a Cartan subalgebra. A Cartan subalgebra, which
is a set of maximally Abelian operators among the generators of a Lie algebra, has two
elements in the case of the su(3) Lie algebra. Here we set Λˆ3 = Jˆz and Λˆ8 = Yˆ defined in
Eqs. (6) and (7) as elements of a Cartan subalgebra among the generators {Λˆi} in Eq. (3).
The adjoint representations of Jˆz and Yˆ are given by {ad(Λˆ3)}ji = f j3i and {ad(Λˆ8)}
j
i = f
j
8i
in terms of the structure constants fkij ’s defined as follows:
[Λˆi, Λˆj] = i
8∑
k=1
fkijΛˆk. (A1)
The matrices ad(Λˆ3) and ad(Λˆ8) can be simultaneously diagonalized to give simultaneous
eigen operators Eˆα’s accompanied by the root vectors α = (α1, α2)
T ’s, where α1 and α2
express the eigenvalues of ad(Λˆ3) and ad(Λˆ8), respectively. The non-zero root vectors and
their corresponding eigenoperators are given by

±2
0

 , Eˆ±2,0 ≡ 1√
2
(
Dˆxy ± iQˆxy
)
, (A2)

 1
±√3

 , Eˆ1,±√3 ≡ 12
[
Jˆx ± Qˆzx + i
(
Jˆy ± Qˆyz
)]
, (A3)

 −1
±√3

 , Eˆ−1,±√3 ≡ 12
[
Jˆx ∓ Qˆzx − i
(
Jˆy ∓ Qˆyz
)]
. (A4)
Here we note that the eigen operators corresponding to the root vectors depend on the
choice of a basis or a Cartan subalgebra, whereas the root vectors do not. The root diagram
of the su(3) algebra involves the above six root vectors which form a hexagon as shown in
Fig. 1. The root vectors can be expressed as linear combinations of the two simple roots,
(1,∓√3)T ≡ α(1),α(2).
Next, we give all su(2) subalgebras that can be derived from the root diagram in Fig. 1
and show that each of them can be categorized into one of the two classes referred to as type
1 and type 2 according to the magnitude of the structure constant λ = 1 or λ = 2. Three
type-2 su(2) subalgebras can immediately be found in the root diagram in Fig. 1. Their
raising and lowering operators are given by Eˆ±α’s corresponding to the pairs of the opposite
root vectors, that is, Eˆ±2,0, Eˆ±1,±√3, and Eˆ±1,∓√3.
The su(2) subalgebras can be derived from them as follows. First, a pair Eˆ±α and their
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 Y^
 S^z
 E^2,0
 E^-2,0
 E^1,√3
 E^-1,√3
 E^-1,-√3
 E^1,-√3
FIG. 1. Root diagram of the su(3) Lie algebra
associated root vectors ±α satisfy the following commutation relations:
[Jˆz, Eˆ±α] = ±α1Eˆ±α, [Yˆ , Eˆ±α] = ±α2Eˆ±α, [Eˆα, Eˆ−α] = α · Hˆ , (A5)
where Hˆ ≡ (Jˆz, Yˆ )T and α · Hˆ ≡ α1Jˆz + α2Yˆ . Then, provided we take Eˆ±2,0 in Eq. (A2)
as an example, the equations in Eqs. (A5) become
[Jˆz, Dˆxy ± iQˆxy] = ±2(Dˆxy ± iQˆxy), [Dˆxy + iQˆxy, Dˆxy − iQˆxy] = 4Jˆz, (A6)
which constitute the su(2) subalgebra {Dˆxy, Qˆxy, Jˆz} with λ = 2. Similarly to the case
of Eˆ±2,0, the remaining pairs Eˆ±1,±√3 and Eˆ±1,∓√3 give the su(2) subalgebras {(Jˆx ±
Qˆzx)/
√
2, (Jˆy ± Qˆyz)/
√
2, (Jˆz ±
√
3Yˆ )/2} with λ = 2. These two su(2) subalgebras are
unitarily equivalent to {Dˆxy, Qˆxy, Jˆz} due to the hexagonal symmetry of the root diagram
in Fig. 1. In fact, they can be transformed into {Dˆxy, Qˆxy, Jˆz} through a rotation about the
Qˆxy-axis, UˆQ(ϕ) ≡ exp (−iϕQˆxy), and through the change of the basis, i.e.,
{(Jˆx ± Qˆzx)/
√
2, (Jˆy ± Qˆyz)/
√
2, (Jˆz ±
√
3Yˆ )/2}
{Aˆ}→{UˆQ(pi/4)AˆUˆ†Q(pi/4)}−−−−−−−−−−−−−−−→ {Jˆx, Qˆyz, Dˆyz}, {−Qˆzx, Jˆy, Dˆzx}
change the basis−−−−−−−−−→ {Dˆxy, Qˆxy, Jˆz}.
(A7)
On the other hand, the type-1 su(2) subalgebra can be obtained as follows. The four
eigen operators, Eˆ1,±√3 and Eˆ−1,±√3, for instance, constitute the type-1 su(2) subalgebra.
In this case, two raising operators are given by
Eˆ1,
√
3 ± Eˆ1,−√3 = Jˆx + iJˆy, Qˆzx + iQˆyz , (A8)
and the corresponding lowering operators are given by Eˆ−1,−√3± Eˆ−1,√3. These raising and
lowering operators provide the su(2) sublagebras {Jˆx, Jˆy, Jˆz} and {Qˆzx, Qˆyz, Jˆz} with λ = 1,
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which can be confirmed by the vanishing commutation relation between two eigen operators
Eˆα and Eˆβ,
[Eˆα, Eˆβ] = 0, (A9)
if and only if α+ β does not coincides with a root vector. Here, {Qˆzx, Qˆyz, Jˆz} is unitarily
equivalent to {Jˆx, Jˆy, Jˆz} through an SU(3) rotation about the Qˆxy axis. Similarly to this
case, the sets of four eigen operators {Eˆ∓1,±√3, Eˆ±2,0} and {Eˆ∓2,0, Eˆ±1,±√3} also provide the
type-1 su(2) subalgebras, which are unitarily equivalent to the spin components {Jˆx, Jˆy, Jˆz}.
It is shown that there exists no other class of su(2) subalgebra in Appendix B for the sake
of the completeness. As a consequence of the uniqueness of the root diagram, any su(2)
subalgebra in the su(3) Lie algebra can be classified into either type 1 or type 2 according
to the magnitude of the structure constant λ and two su(2) subalgebras of the same type
can be transformed into each other through an SU(3) rotation, whereas those of different
types cannot.
Appendix B: Number of Classes of su(2) Subalgebras in the su(3) Lie Algebra
We prove that there are no other classes of su(2) subalgebras in the su(3) Lie algebra than
type 1 and type 2. In general, a raising operator of an su(2) subalgebra can be expressed in
terms of the eigen operators corresponding to the root vectors as follows:
Eˆ+ =
∑
α
cαEˆα, (B1)
where the sum of α runs over all root vectors in Fig. 1 and cα’s are real. Here, without
loss of generality, we set c1,
√
3 = 1 and c−1,−√3 = 0. The lowering operator associated with
Eq. (B1) is given by Eˆ− = Eˆ
†
+. We obtain the commutation relation between these raising
and lowering operators as follows:
[Eˆ+, Eˆ−] = [Eˆ1,√3, Eˆ−1,−√3] + (c
2
2,0 − c2−2,0)[Eˆ2,0, Eˆ−2,0] + (c21,−√3 − c2−1,√3)[Eˆ1,−√3, Eˆ−1,√3]
+
√
2
[
c−1,√3Eˆ2,0 + (c2,0c1,−√3 − c−2,0c−1,√3)Eˆ1,√3 − c2,0Eˆ1,−√3 + h.c.
]
,
(B2)
where we use the relations in Eq. (A9) and
[Eˆ1,
√
3, Eˆ1,−√3] =
√
2Eˆ2,0, [Eˆ2,0, Eˆ−1,−√3] = −
√
2Eˆ1,−√3,
[Eˆ1,−√3, Eˆ−2,0] =
√
2Eˆ−1,−√3.
(B3)
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In Eq. (B2), c−1,√3 = c2,0 = 0, since Eˆ+ and Eˆ− are the raising and lowering operators and
Jˆz and Yˆ are linearly independent of Eˆα’s. Therefore,
Eˆ+ = Eˆ1,
√
3 + c1,−√3Eˆ1,−√3 + c−2,0Eˆ−2,0, (B4)
[Eˆ+, Eˆ−] = (1− 2c2−2,0 + c21,−√3)Jˆz +
√
3(1 + c2
1,−√3)Yˆ , (B5)
[(1− 2c2−2,0 + c21,−√3)Jˆz +
√
3(1 + c2
1,−√3)Yˆ , Eˆ+]
=2
[
(2− c2−2,0 + 2c21,−√3)Eˆ1,√3 − c1,−√3(1 + c2−2,0 + c21,−√3)Eˆ1,−√3
− c−2,0(1− 2c2−2,0 + c21,−√3)Eˆ−2,0
]
.
(B6)
Here, the right-hand side of Eq. (B6) should be proportional to Eˆ+, which is satisfied if and
only if (c1,−√3, c−2,0) = (±1, 0) or (0, 0), where the former case corresponds to type 1 and
the latter one to type 2. Hence, we can conclude that there are only two classes of su(2)
subalgebras with different magnitudes of the structure constants.
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